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Today


•  Some brief QCD reminders

•  Thermodynamics of the QCD phase transition

•  Space-time evolution of heavy-ion collisions


–  Concept of collision centrality

–  Produced energy density in the Bjorken picture


•  Particle production from the QGP

–  Statistical hadro-production

–  Strangeness enhancement


Tomorrow focus on a few types of measurements 
that probe properties of the quark gluon plasma 
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Introduction to heavy-ion collisions (HIC)                                   
& the quark-gluon plasma (QGP)



HIC: definition


Heavy 

Au: 79 protons & 100 neutrons 
Pb: 82 protons & 126 neutrons 
Note: Nuclear size of order 10 fm 

Interested in colliding nuclei, we strip off the e’s to accelerate them 
The proton is also an ion (of hydrogen).   proton-ion collisions are also of interest 

Collisions  

Currently performed at RHIC and the LHC 
Max energy per nucleon pair (√sNN) of 5 TeV à 1PeV (√s) total energy ! 

So one should expect large energy density from HIC’s (we’ll estimate it later) 
What happens to matter in these conditions? 

Ion 
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Why collide heavy ions?

In normal matter, parton degrees of freedom confined to hadrons

Does this change at high temperature and/or large density?


“A neutron has radius of about 0.5 – 1 fm and so has a density of about 8 x 1014 
gm/cm3, whereas the central density of a neutron star, can be as much as 1016 –  
1017 gm / cm3.  In this case, one must expect the hadrons to overlap, and their 
individuality to be confused.  Therefore we suggest that there is a phase change, 
and that the nuclear matter at such high densities is a quark soup”


Quark soup 

Hadrons Te
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Density 
Based on the recent discovery of asymptotic freedom 
(1973), Collins & Perry hypothesized that it would in 1975: 
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The quark-gluon plasma


•  Critical temperature (Tc ≈ 150 MeV) 
estimated pre-QCD by Hagedorn 
based on # of hadrons vs. energy


•  Later confirmed with lattice QCD

•  Heavy-ion collisions create high 

temperature, but low density à 
smooth crossover in this region


•  Also phase transition at high density, 
but lattice calculations difficult there 
due to “sign problem” 


Heavy-ion collisions allow us to probe QCD at high temperature 
àRequires different theoretical tools, e.g., high temperature QFT, thermodynamics, …  
àQCD matter exhibits novel features in these conditions 

105 x hotter than core of the sun! 
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Far-reaching connections

Cosmology 
 Cold quantum gasses 


The universe was composed 
of QGP from 10-10 to 10-5 sec 
after the Big Bang 

Elliptic flow 
of a strongly 
interacting 
Fermi gas

Ideal fluid behavior observed in QGP 
& other strongly coupled systems 
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QCD reminder
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Structure of QCD driven by SU(3) color gauge symmetry  

In principle, all is calculable from the QCD Lagrangian: 

Quark propagator 

Quark-gluon vertex 

Gluon self-
interaction 

Quark masses 

Field strength tensor 

Compare to Tc ~ 150 MeV 

Nc
2 – 1 = 8 gluons 

Nc * Nf  quarks  



Asymptotic freedom & confinement

Whereas in QED vacuum fluctuation screen charge, 
in QCD they “anti-screen”
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•  At short distance coupling is small 
•  Quarks can be probed inside the 

nucleon with high energy leptons (DIS) 
•  pQCD works well in this regime 

•  At “large” distance (1 fm), potential is linear 
•  Quarks confined inside hadrons 
•  Perturbation theory breaks at large coupling 

Quark-antiquark potential 

V (r) = �4
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QCD thermodynamics
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In high T limit à QGP an ideal gas of weakly interacting quarks and gluons 

Equation of state is given by pressure vs. temperature  
             or equivalently energy density vs. temperature  
Can be calculated from the partition function 

Hadron phase can be approximated as a gas of pions, i.e., 3 states:  π+, π0, π- 

N = 3 

+1, 0, 1 for fermions, classical or bosons 

For a QGP on the other hand, we expect 

à 15x jump in the energy density at Tc 

✏(T ) =
⇡2

30

✓
NB +
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E.O.S. from the lattice
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Lattice calculations are reliable for zero net baryon density, 
which is a reasonable approximation for high energy HICs 

They indeed show a spike in ratio of ε / T4, 

Indicating a jump in the degrees of freedom   

Does that mean the QGP 
behaves like an ideal gas 
of quarks and gluons? 

Don’t reach the SB limit 

EOS of N=4 Super Yang-Mills     
à may be strongly coupled  

Tc ≈ 150 MeV 
à εSB ≈ 1.0 GeV/fm3 

T/Tc 

εSB 



Time evolution of a HIC
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1)  Prior to collision relativistic nuclei are Lorentz contracted 
2)  After crossing, particles start to scatter (τ ~ 1/p) 
3)  After t ~ 1 fm, equilibrium is established, giving a thermalized QGP  
4)  QGP expands and cools until about 10 fm (3 x 10-23 sec !) 
5)  Hadronization occurs (chemical freeze-out), and shortly after particles 

stop interacting and free stream towards detectors (kinetic freeze-out)  

How does one learn about the fleeting QGP from the mess of final state 
particles we detect? 
Important to understand the initial state, as well as how to draw conclusions 
from the final state hadrons  



A real heavy-ion collision
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The role of geometry
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Not all heavy-ion collisions are created equal, but rather vary in centrality 

Some are head-on or “central” Some are glancing or “peripheral” 

Struck nuclei are participants, others are spectators 
Energy density achieved depends on # of participants 
Not observable à how can we determine it a posteriori ? 

Longitudinal view Transverse view Longitudinal view Transverse view 



The Glauber model


⇢(r) =
⇢0

1 + exp[(r �R)/a]
<latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit><latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit><latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="Y74Vy0ogDypmE/Va03VoqyNJuBQ=">AAACBXicbZDLSgMxGIX/8Vpr1dGtm8Eitog140Y3guDGZRV7gZmhZNJMG5q5kGTEMswjuPFV3LhQxFdw59uYabvQ1gOBk3MSkv/zE86kQujbWFpeWV1bL22UNytb2zvmbqUt41QQ2iIxj0XXx5JyFtGWYorTbiIoDn1OO/7ouug7D1RIFkf3apxQL8SDiAWMYKWjnnnkimFcE/VLNxCYZMWul6E8z+xj+pg4NXFyVz/FXt4zq6iBJrIWjT0zVZip2TO/3H5M0pBGinAspWOjRHkZFooRTvOym0qaYDLCA+poG+GQSi+bDJRbhzrpW0Es9IqUNUl/38hwKOU49PXJEKuhnO+K8L/OSVVw4WUsSlJFIzJ9KEi5pWKroGP1maBE8bE2mAim/2qRIdZklGZY1hDs+ZEXTfusYaOGfYugBPtwADWw4Ryu4Aaa0AICT/ACb/BuPBuvxscU15Ix47YHf2R8/gChEJqi</latexit><latexit sha1_base64="Y74Vy0ogDypmE/Va03VoqyNJuBQ=">AAACBXicbZDLSgMxGIX/8Vpr1dGtm8Eitog140Y3guDGZRV7gZmhZNJMG5q5kGTEMswjuPFV3LhQxFdw59uYabvQ1gOBk3MSkv/zE86kQujbWFpeWV1bL22UNytb2zvmbqUt41QQ2iIxj0XXx5JyFtGWYorTbiIoDn1OO/7ouug7D1RIFkf3apxQL8SDiAWMYKWjnnnkimFcE/VLNxCYZMWul6E8z+xj+pg4NXFyVz/FXt4zq6iBJrIWjT0zVZip2TO/3H5M0pBGinAspWOjRHkZFooRTvOym0qaYDLCA+poG+GQSi+bDJRbhzrpW0Es9IqUNUl/38hwKOU49PXJEKuhnO+K8L/OSVVw4WUsSlJFIzJ9KEi5pWKroGP1maBE8bE2mAim/2qRIdZklGZY1hDs+ZEXTfusYaOGfYugBPtwADWw4Ryu4Aaa0AICT/ACb/BuPBuvxscU15Ix47YHf2R8/gChEJqi</latexit><latexit sha1_base64="G+H8Q1QtbxmH0oHkylhKzCpb/kA=">AAACEHicbVC7TsMwFHXKq5RXgJElokK0QpSEBRakChbGguhDSqLIcZ3WquNEtoOoonwCC7/CwgBCrIxs/A1OmwFajnSl43Pule89fkyJkKb5rZUWFpeWV8qrlbX1jc0tfXunI6KEI9xGEY14z4cCU8JwWxJJcS/mGIY+xV1/dJX73XvMBYnYnRzH2A3hgJGAICiV5OmHDh9GNV6/cAIOUZq/vNTMstQ6wg+xXePHt/UT6GaeXjUb5gTGPLEKUgUFWp7+5fQjlISYSUShELZlxtJNIZcEUZxVnETgGKIRHGBbUQZDLNx0clBmHCilbwQRV8WkMVF/T6QwFGIc+qozhHIoZr1c/M+zExmcuylhcSIxQ9OPgoQaMjLydIw+4RhJOlYEIk7UrgYaQpWMVBlWVAjW7MnzpHPasMyGdWNWm5dFHGWwB/ZBDVjgDDTBNWiBNkDgETyDV/CmPWkv2rv2MW0tacXMLvgD7fMHU8CcGQ==</latexit><latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit><latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit><latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit><latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit><latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit><latexit sha1_base64="Jv6SiGP8ahjlIVVY2y0Ac41UT7E=">AAACEHicbVDLSsNAFJ3UV62vqEs3wSK2iDURQTdC0Y3LKvYBSQiT6aQdOpmEmYlYQj7Bjb/ixoUibl2682+ctFlo9cCFM+fcy9x7/JgSIU3zSyvNzS8sLpWXKyura+sb+uZWR0QJR7iNIhrxng8FpoThtiSS4l7MMQx9irv+6DL3u3eYCxKxWzmOsRvCASMBQVAqydP3HT6Marx+7gQcojR/eamZZal1gO9ju8YPb+pH0M08vWo2zAmMv8QqSBUUaHn6p9OPUBJiJhGFQtiWGUs3hVwSRHFWcRKBY4hGcIBtRRkMsXDTyUGZsaeUvhFEXBWTxkT9OZHCUIhx6KvOEMqhmPVy8T/PTmRw5qaExYnEDE0/ChJqyMjI0zH6hGMk6VgRiDhRuxpoCFUyUmVYUSFYsyf/JZ3jhmU2rOuTavOiiKMMdsAuqAELnIImuAIt0AYIPIAn8AJetUftWXvT3qetJa2Y2Qa/oH18A1UAnB0=</latexit>

(spherical case) 

TA(~s) =

Z
⇢A(~s, z) dz

<latexit sha1_base64="oqmuFPNEnPKuP4zKXApquIjISek=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtSElE0I3Q6sZlhb6gCWEymbRDJw9mJoU25Dvc+CtuXCjiTtz4N07bCNp64MLhnHu59x43ZlRIw/jSVlbX1jc2C1vF7Z3dvX394LAtooRj0sIRi3jXRYIwGpKWpJKRbswJClxGOu7wdup3RoQLGoVNOY6JHaB+SH2KkVSSo5tNp162RgSnIqvAa2jRUEKLDyInrWc/xtmkYsHU4gH0somjl4yqMQNcJmZOSiBHw9E/LC/CSUBCiRkSomcasbRTxCXFjGRFKxEkRniI+qSnaIgCIux09loGT5XiQT/iqtRlM/X3RIoCIcaBqzoDJAdi0ZuK/3m9RPpXdkrDOJEkxPNFfsKgjOA0J+hRTrBkY0UQ5lTdCvEAcYSlSrOoQjAXX14m7fOqaVTN+4tS7SaPowCOwQkoAxNcghq4Aw3QAhg8gCfwAl61R+1Ze9Pe560rWj5zBP5A+/wGreagCQ==</latexit><latexit sha1_base64="oqmuFPNEnPKuP4zKXApquIjISek=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtSElE0I3Q6sZlhb6gCWEymbRDJw9mJoU25Dvc+CtuXCjiTtz4N07bCNp64MLhnHu59x43ZlRIw/jSVlbX1jc2C1vF7Z3dvX394LAtooRj0sIRi3jXRYIwGpKWpJKRbswJClxGOu7wdup3RoQLGoVNOY6JHaB+SH2KkVSSo5tNp162RgSnIqvAa2jRUEKLDyInrWc/xtmkYsHU4gH0somjl4yqMQNcJmZOSiBHw9E/LC/CSUBCiRkSomcasbRTxCXFjGRFKxEkRniI+qSnaIgCIux09loGT5XiQT/iqtRlM/X3RIoCIcaBqzoDJAdi0ZuK/3m9RPpXdkrDOJEkxPNFfsKgjOA0J+hRTrBkY0UQ5lTdCvEAcYSlSrOoQjAXX14m7fOqaVTN+4tS7SaPowCOwQkoAxNcghq4Aw3QAhg8gCfwAl61R+1Ze9Pe560rWj5zBP5A+/wGreagCQ==</latexit><latexit sha1_base64="oqmuFPNEnPKuP4zKXApquIjISek=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtSElE0I3Q6sZlhb6gCWEymbRDJw9mJoU25Dvc+CtuXCjiTtz4N07bCNp64MLhnHu59x43ZlRIw/jSVlbX1jc2C1vF7Z3dvX394LAtooRj0sIRi3jXRYIwGpKWpJKRbswJClxGOu7wdup3RoQLGoVNOY6JHaB+SH2KkVSSo5tNp162RgSnIqvAa2jRUEKLDyInrWc/xtmkYsHU4gH0somjl4yqMQNcJmZOSiBHw9E/LC/CSUBCiRkSomcasbRTxCXFjGRFKxEkRniI+qSnaIgCIux09loGT5XiQT/iqtRlM/X3RIoCIcaBqzoDJAdi0ZuK/3m9RPpXdkrDOJEkxPNFfsKgjOA0J+hRTrBkY0UQ5lTdCvEAcYSlSrOoQjAXX14m7fOqaVTN+4tS7SaPowCOwQkoAxNcghq4Aw3QAhg8gCfwAl61R+1Ze9Pe560rWj5zBP5A+/wGreagCQ==</latexit><latexit sha1_base64="oqmuFPNEnPKuP4zKXApquIjISek=">AAACGnicbVDLSsNAFJ34rPUVdelmsAgtSElE0I3Q6sZlhb6gCWEymbRDJw9mJoU25Dvc+CtuXCjiTtz4N07bCNp64MLhnHu59x43ZlRIw/jSVlbX1jc2C1vF7Z3dvX394LAtooRj0sIRi3jXRYIwGpKWpJKRbswJClxGOu7wdup3RoQLGoVNOY6JHaB+SH2KkVSSo5tNp162RgSnIqvAa2jRUEKLDyInrWc/xtmkYsHU4gH0somjl4yqMQNcJmZOSiBHw9E/LC/CSUBCiRkSomcasbRTxCXFjGRFKxEkRniI+qSnaIgCIux09loGT5XiQT/iqtRlM/X3RIoCIcaBqzoDJAdi0ZuK/3m9RPpXdkrDOJEkxPNFfsKgjOA0J+hRTrBkY0UQ5lTdCvEAcYSlSrOoQjAXX14m7fOqaVTN+4tS7SaPowCOwQkoAxNcghq4Aw3QAhg8gCfwAl61R+1Ze9Pe560rWj5zBP5A+/wGreagCQ==</latexit>

Z
TA(~s)d

2s = A
<latexit sha1_base64="0xxIlMaBKleWfa1quh7NvJWdo4M=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5IUQTdCqxuXFfqCJobJZNIOnUnCzKRQQrdu/BU3LhRx6x+482+ctllo64ELh3Pu5d57/IRRqSzr2yisrW9sbhW3Szu7e/sH5uFRR8apwKSNYxaLno8kYTQibUUVI71EEMR9Rrr+6Hbmd8dESBpHLTVJiMvRIKIhxUhpyTOhQyMFW16j4owJzuT0HGaO4DCYPtQkvIYNzyxbVWsOuErsnJRBjqZnfjlBjFNOIoUZkrJvW4lyMyQUxYxMS04qSYLwCA1IX9MIcSLdbP7JFJ5pJYBhLHTpu+bq74kMcSkn3NedHKmhXPZm4n9eP1XhlZvRKEkVifBiUZgyqGI4iwUGVBCs2EQThAXVt0I8RAJhpcMr6RDs5ZdXSadWta2qfX9Rrt/kcRTBCTgFFWCDS1AHd6AJ2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8f/JqYlA==</latexit><latexit sha1_base64="0xxIlMaBKleWfa1quh7NvJWdo4M=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5IUQTdCqxuXFfqCJobJZNIOnUnCzKRQQrdu/BU3LhRx6x+482+ctllo64ELh3Pu5d57/IRRqSzr2yisrW9sbhW3Szu7e/sH5uFRR8apwKSNYxaLno8kYTQibUUVI71EEMR9Rrr+6Hbmd8dESBpHLTVJiMvRIKIhxUhpyTOhQyMFW16j4owJzuT0HGaO4DCYPtQkvIYNzyxbVWsOuErsnJRBjqZnfjlBjFNOIoUZkrJvW4lyMyQUxYxMS04qSYLwCA1IX9MIcSLdbP7JFJ5pJYBhLHTpu+bq74kMcSkn3NedHKmhXPZm4n9eP1XhlZvRKEkVifBiUZgyqGI4iwUGVBCs2EQThAXVt0I8RAJhpcMr6RDs5ZdXSadWta2qfX9Rrt/kcRTBCTgFFWCDS1AHd6AJ2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8f/JqYlA==</latexit><latexit sha1_base64="0xxIlMaBKleWfa1quh7NvJWdo4M=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5IUQTdCqxuXFfqCJobJZNIOnUnCzKRQQrdu/BU3LhRx6x+482+ctllo64ELh3Pu5d57/IRRqSzr2yisrW9sbhW3Szu7e/sH5uFRR8apwKSNYxaLno8kYTQibUUVI71EEMR9Rrr+6Hbmd8dESBpHLTVJiMvRIKIhxUhpyTOhQyMFW16j4owJzuT0HGaO4DCYPtQkvIYNzyxbVWsOuErsnJRBjqZnfjlBjFNOIoUZkrJvW4lyMyQUxYxMS04qSYLwCA1IX9MIcSLdbP7JFJ5pJYBhLHTpu+bq74kMcSkn3NedHKmhXPZm4n9eP1XhlZvRKEkVifBiUZgyqGI4iwUGVBCs2EQThAXVt0I8RAJhpcMr6RDs5ZdXSadWta2qfX9Rrt/kcRTBCTgFFWCDS1AHd6AJ2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8f/JqYlA==</latexit><latexit sha1_base64="0xxIlMaBKleWfa1quh7NvJWdo4M=">AAACCXicbVDLSsNAFJ3UV62vqEs3g0Wom5IUQTdCqxuXFfqCJobJZNIOnUnCzKRQQrdu/BU3LhRx6x+482+ctllo64ELh3Pu5d57/IRRqSzr2yisrW9sbhW3Szu7e/sH5uFRR8apwKSNYxaLno8kYTQibUUVI71EEMR9Rrr+6Hbmd8dESBpHLTVJiMvRIKIhxUhpyTOhQyMFW16j4owJzuT0HGaO4DCYPtQkvIYNzyxbVWsOuErsnJRBjqZnfjlBjFNOIoUZkrJvW4lyMyQUxYxMS04qSYLwCA1IX9MIcSLdbP7JFJ5pJYBhLHTpu+bq74kMcSkn3NedHKmhXPZm4n9eP1XhlZvRKEkVifBiUZgyqGI4iwUGVBCs2EQThAXVt0I8RAJhpcMr6RDs5ZdXSadWta2qfX9Rrt/kcRTBCTgFFWCDS1AHd6AJ2gCDR/AMXsGb8WS8GO/Gx6K1YOQzx+APjM8f/JqYlA==</latexit>

TAB(b) =

Z
TA(~s) · TB(~s�~b)d2s

<latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="gJNo2BJRA5ccZ47og8ZGSWgeCMk=">AAACJHicbZDNSsQwFIVv/Xcctbp1ExRhZuHQutGN4CiIS4UZFaa1pGlmDCZpSVJhKH0jN76KGxFFfBTTOoJ/F0IO38kl954440wbz3t2pqZnZufmFxYbS83llVV3rXmh01wR2icpT9VVjDXlTNK+YYbTq0xRLGJOL+Pb48q/vKNKs1T2zDijocAjyYaMYGNR5J70oiJQAnWPylbcRgcoYNKgXtRtBXeUFLpsByRJK3L0RXbqOy7bqO5MyutdHblbXserC/0V/kRswaTOIvcxSFKSCyoN4Vjrge9lJiywMoxwWjaCXNMMk1s8ogMrJRZUh0W9b4m2LUnQMFX22Glr+r2jwELrsYjtS4HNjf7tVfA/b5Cb4X5YMJnlhkry+dEw58ikqAoPJUxRYvjYCkwUs7MicoMVJsZG3LAh+L9X/isudju+1/HPPViADdiEFviwB4dwCmfQBwL38Agv8Oo8OE/O22dcU84kt3X4Uc77B2PypgM=</latexit><latexit sha1_base64="gJNo2BJRA5ccZ47og8ZGSWgeCMk=">AAACJHicbZDNSsQwFIVv/Xcctbp1ExRhZuHQutGN4CiIS4UZFaa1pGlmDCZpSVJhKH0jN76KGxFFfBTTOoJ/F0IO38kl954440wbz3t2pqZnZufmFxYbS83llVV3rXmh01wR2icpT9VVjDXlTNK+YYbTq0xRLGJOL+Pb48q/vKNKs1T2zDijocAjyYaMYGNR5J70oiJQAnWPylbcRgcoYNKgXtRtBXeUFLpsByRJK3L0RXbqOy7bqO5MyutdHblbXserC/0V/kRswaTOIvcxSFKSCyoN4Vjrge9lJiywMoxwWjaCXNMMk1s8ogMrJRZUh0W9b4m2LUnQMFX22Glr+r2jwELrsYjtS4HNjf7tVfA/b5Cb4X5YMJnlhkry+dEw58ikqAoPJUxRYvjYCkwUs7MicoMVJsZG3LAh+L9X/isudju+1/HPPViADdiEFviwB4dwCmfQBwL38Agv8Oo8OE/O22dcU84kt3X4Uc77B2PypgM=</latexit><latexit sha1_base64="riQox+/R08SWDj4zGWvpXElruWE="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="gJNo2BJRA5ccZ47og8ZGSWgeCMk=">AAACJHicbZDNSsQwFIVv/Xcctbp1ExRhZuHQutGN4CiIS4UZFaa1pGlmDCZpSVJhKH0jN76KGxFFfBTTOoJ/F0IO38kl954440wbz3t2pqZnZufmFxYbS83llVV3rXmh01wR2icpT9VVjDXlTNK+YYbTq0xRLGJOL+Pb48q/vKNKs1T2zDijocAjyYaMYGNR5J70oiJQAnWPylbcRgcoYNKgXtRtBXeUFLpsByRJK3L0RXbqOy7bqO5MyutdHblbXserC/0V/kRswaTOIvcxSFKSCyoN4Vjrge9lJiywMoxwWjaCXNMMk1s8ogMrJRZUh0W9b4m2LUnQMFX22Glr+r2jwELrsYjtS4HNjf7tVfA/b5Cb4X5YMJnlhkry+dEw58ikqAoPJUxRYvjYCkwUs7MicoMVJsZG3LAh+L9X/isudju+1/HPPViADdiEFviwB4dwCmfQBwL38Agv8Oo8OE/O22dcU84kt3X4Uc77B2PypgM=</latexit><latexit sha1_base64="gJNo2BJRA5ccZ47og8ZGSWgeCMk=">AAACJHicbZDNSsQwFIVv/Xcctbp1ExRhZuHQutGN4CiIS4UZFaa1pGlmDCZpSVJhKH0jN76KGxFFfBTTOoJ/F0IO38kl954440wbz3t2pqZnZufmFxYbS83llVV3rXmh01wR2icpT9VVjDXlTNK+YYbTq0xRLGJOL+Pb48q/vKNKs1T2zDijocAjyYaMYGNR5J70oiJQAnWPylbcRgcoYNKgXtRtBXeUFLpsByRJK3L0RXbqOy7bqO5MyutdHblbXserC/0V/kRswaTOIvcxSFKSCyoN4Vjrge9lJiywMoxwWjaCXNMMk1s8ogMrJRZUh0W9b4m2LUnQMFX22Glr+r2jwELrsYjtS4HNjf7tVfA/b5Cb4X5YMJnlhkry+dEw58ikqAoPJUxRYvjYCkwUs7MicoMVJsZG3LAh+L9X/isudju+1/HPPViADdiEFviwB4dwCmfQBwL38Agv8Oo8OE/O22dcU84kt3X4Uc77B2PypgM=</latexit><latexit sha1_base64="riQox+/R08SWDj4zGWvpXElruWE="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="gJNo2BJRA5ccZ47og8ZGSWgeCMk=">AAACJHicbZDNSsQwFIVv/Xcctbp1ExRhZuHQutGN4CiIS4UZFaa1pGlmDCZpSVJhKH0jN76KGxFFfBTTOoJ/F0IO38kl954440wbz3t2pqZnZufmFxYbS83llVV3rXmh01wR2icpT9VVjDXlTNK+YYbTq0xRLGJOL+Pb48q/vKNKs1T2zDijocAjyYaMYGNR5J70oiJQAnWPylbcRgcoYNKgXtRtBXeUFLpsByRJK3L0RXbqOy7bqO5MyutdHblbXserC/0V/kRswaTOIvcxSFKSCyoN4Vjrge9lJiywMoxwWjaCXNMMk1s8ogMrJRZUh0W9b4m2LUnQMFX22Glr+r2jwELrsYjtS4HNjf7tVfA/b5Cb4X5YMJnlhkry+dEw58ikqAoPJUxRYvjYCkwUs7MicoMVJsZG3LAh+L9X/isudju+1/HPPViADdiEFviwB4dwCmfQBwL38Agv8Oo8OE/O22dcU84kt3X4Uc77B2PypgM=</latexit><latexit sha1_base64="gJNo2BJRA5ccZ47og8ZGSWgeCMk=">AAACJHicbZDNSsQwFIVv/Xcctbp1ExRhZuHQutGN4CiIS4UZFaa1pGlmDCZpSVJhKH0jN76KGxFFfBTTOoJ/F0IO38kl954440wbz3t2pqZnZufmFxYbS83llVV3rXmh01wR2icpT9VVjDXlTNK+YYbTq0xRLGJOL+Pb48q/vKNKs1T2zDijocAjyYaMYGNR5J70oiJQAnWPylbcRgcoYNKgXtRtBXeUFLpsByRJK3L0RXbqOy7bqO5MyutdHblbXserC/0V/kRswaTOIvcxSFKSCyoN4Vjrge9lJiywMoxwWjaCXNMMk1s8ogMrJRZUh0W9b4m2LUnQMFX22Glr+r2jwELrsYjtS4HNjf7tVfA/b5Cb4X5YMJnlhkry+dEw58ikqAoPJUxRYvjYCkwUs7MicoMVJsZG3LAh+L9X/isudju+1/HPPViADdiEFviwB4dwCmfQBwL38Agv8Oo8OE/O22dcU84kt3X4Uc77B2PypgM=</latexit><latexit sha1_base64="riQox+/R08SWDj4zGWvpXElruWE="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit><latexit sha1_base64="AnoZWiI/L6mack76ZM931XpAAk0="></latexit> 14


Define nuclear thickness 

Take the product of nucleus A & B, and integrate over s: 

where 

nuclear size surface thickness 

Pb (208) 

e.g., for Pb(208) 
R = 6.68 fm 
a = 0.55 fm 

R 

•  Nuclear thickness function in the optical limit 

•  Attributed to Roy Glauber (2005 Nobel for quantum optics)

•  Main assumptions:  


–  Probability of nucleon-nucleon scattering independent of previous scatterings

–  Nucleons move in straight-line trajectories undeflected


•  Woods-Saxon distribution of nuclear charge density 




Two key numbers:  Ncoll & Npart

•  The total number of inelastic nucleon-nucleon collisions




•  The total number of participants or “wounded nuclei”, derivation:
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Prob. for a nucleon in nucleus A to scatter with one from nucleus B:  

Prob. for a nucleon in A not to interact: 

Prob. for a nucleon in A to interact at least once: 

Number of participants from A: 

Number of total participants: 
 

(1� pint)
B

<latexit sha1_base64="08ZOXMXNwu/k2PW02aFsj8VsvGg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCPVgSEfRY6sVjBfsBbQyb7aZdutmE3Y1QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wD48aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/M/M4jlYrF4l5PEupFeChYyAjWRvLtctU9R4mf9WWEmNDTs4cG8u2KU3PmQKvEzUkFcjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTaamfKppgMsZD2jNU4IgqL5sfP0WnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9dexkSSairIYlGYcqRjNEsCDZikRPOJIZhIZm5FZIQlJtrkVTIhuMsvr5L2Rc11au7dZaXeyOMowjGcQBVcuII63EITWkBgAs/wCm/Wk/VivVsfi9aClc+U4Q+szx+IQZNl</latexit><latexit sha1_base64="08ZOXMXNwu/k2PW02aFsj8VsvGg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCPVgSEfRY6sVjBfsBbQyb7aZdutmE3Y1QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wD48aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/M/M4jlYrF4l5PEupFeChYyAjWRvLtctU9R4mf9WWEmNDTs4cG8u2KU3PmQKvEzUkFcjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTaamfKppgMsZD2jNU4IgqL5sfP0WnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9dexkSSairIYlGYcqRjNEsCDZikRPOJIZhIZm5FZIQlJtrkVTIhuMsvr5L2Rc11au7dZaXeyOMowjGcQBVcuII63EITWkBgAs/wCm/Wk/VivVsfi9aClc+U4Q+szx+IQZNl</latexit><latexit sha1_base64="08ZOXMXNwu/k2PW02aFsj8VsvGg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCPVgSEfRY6sVjBfsBbQyb7aZdutmE3Y1QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wD48aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/M/M4jlYrF4l5PEupFeChYyAjWRvLtctU9R4mf9WWEmNDTs4cG8u2KU3PmQKvEzUkFcjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTaamfKppgMsZD2jNU4IgqL5sfP0WnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9dexkSSairIYlGYcqRjNEsCDZikRPOJIZhIZm5FZIQlJtrkVTIhuMsvr5L2Rc11au7dZaXeyOMowjGcQBVcuII63EITWkBgAs/wCm/Wk/VivVsfi9aClc+U4Q+szx+IQZNl</latexit><latexit sha1_base64="08ZOXMXNwu/k2PW02aFsj8VsvGg=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSxCPVgSEfRY6sVjBfsBbQyb7aZdutmE3Y1QQv0rXjwo4tUf4s1/47bNQVsfDDzem2FmXpBwprTjfFuFtfWNza3idmlnd2//wD48aqs4lYS2SMxj2Q2wopwJ2tJMc9pNJMVRwGknGN/M/M4jlYrF4l5PEupFeChYyAjWRvLtctU9R4mf9WWEmNDTs4cG8u2KU3PmQKvEzUkFcjR9+6s/iEkaUaEJx0r1XCfRXoalZoTTaamfKppgMsZD2jNU4IgqL5sfP0WnRhmgMJamhEZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh9dexkSSairIYlGYcqRjNEsCDZikRPOJIZhIZm5FZIQlJtrkVTIhuMsvr5L2Rc11au7dZaXeyOMowjGcQBVcuII63EITWkBgAs/wCm/Wk/VivVsfi9aClc+U4Q+szx+IQZNl</latexit>

1� (1� pint)
B

<latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit><latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit><latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="6ZWp3dXRQ7r1gs9ROLZC1EeDfIM=">AAAB9XicbZC9TsMwFIVvyl8pBQILA4tFhVSGVgkLjAgWxiLRFqkNkeM6rVXbiWwHqYqy8CosDCDEq7DxNrg/A7QcydKnc2xd3xOlnGnjed9OaW19Y3OrvF3Zqe7u7bsH1Y5OMkVomyQ8UQ8R1pQzSduGGU4fUkWxiDjtRuObad59okqzRN6bSUoDgYeSxYxgY63QPfJRA9X9BkrDvK8EYtIUZ4/XKHRrXtObCa2Cv4AaLNQK3a/+ICGZoNIQjrXu+V5qghwrwwinRaWfaZpiMsZD2rMosaA6yGcLFOjUOgMUJ8oeadDM/f0ix0LriYjsTYHNSC9nU/O/rJeZ+DLImUwzQyWZD4ozjkyCpm2gAVOUGD6xgIli9q+IjLDCxNjOKrYEf3nlVeicN32v6d95UIZjOIE6+HABV3ALLWgDgQJe4A3enWfn1fmY11VyFr0dwh85nz+5z5LA</latexit><latexit sha1_base64="6ZWp3dXRQ7r1gs9ROLZC1EeDfIM=">AAAB9XicbZC9TsMwFIVvyl8pBQILA4tFhVSGVgkLjAgWxiLRFqkNkeM6rVXbiWwHqYqy8CosDCDEq7DxNrg/A7QcydKnc2xd3xOlnGnjed9OaW19Y3OrvF3Zqe7u7bsH1Y5OMkVomyQ8UQ8R1pQzSduGGU4fUkWxiDjtRuObad59okqzRN6bSUoDgYeSxYxgY63QPfJRA9X9BkrDvK8EYtIUZ4/XKHRrXtObCa2Cv4AaLNQK3a/+ICGZoNIQjrXu+V5qghwrwwinRaWfaZpiMsZD2rMosaA6yGcLFOjUOgMUJ8oeadDM/f0ix0LriYjsTYHNSC9nU/O/rJeZ+DLImUwzQyWZD4ozjkyCpm2gAVOUGD6xgIli9q+IjLDCxNjOKrYEf3nlVeicN32v6d95UIZjOIE6+HABV3ALLWgDgQJe4A3enWfn1fmY11VyFr0dwh85nz+5z5LA</latexit><latexit sha1_base64="4z0vPCytAhh4gSO188EVbexyv1A=">AAACAHicbVC7TsMwFHXKq5RXgYGBxaJCKkOrmAXGqiyMRaIPqQ2R4zqtVduJbAepirLwKywMIMTKZ7DxN7htBmg50pWOzrlX994TxJxp47rfTmFtfWNzq7hd2tnd2z8oHx51dJQoQtsk4pHqBVhTziRtG2Y47cWKYhFw2g0mNzO/+0iVZpG8N9OYegKPJAsZwcZKfvkEwRqsohqM/XSgBGTSZBcPTeiXK27dnQOuEpSTCsjR8stfg2FEEkGlIRxr3UdubLwUK8MIp1lpkGgaYzLBI9q3VGJBtZfOH8jguVWGMIyULWngXP09kWKh9VQEtlNgM9bL3kz8z+snJrz2UibjxFBJFovChEMTwVkacMgUJYZPLcFEMXsrJGOsMDE2s5INAS2/vEo6l3Xk1tGdW2k08ziK4BScgSpA4Ao0wC1ogTYgIAPP4BW8OU/Oi/PufCxaC04+cwz+wPn8ARf5lCc=</latexit><latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit><latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit><latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit><latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit><latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit><latexit sha1_base64="fXEigo3utT7fMB3meADk9jSjMwY=">AAACAHicbVDLSgMxFM34rPU16sKFm2AR6qJlIoIuS924rGAf0I5DJs20oUlmSDJCGbrxV9y4UMStn+HOvzFtZ6GtBy4czrmXe+8JE8608bxvZ2V1bX1js7BV3N7Z3dt3Dw5bOk4VoU0S81h1QqwpZ5I2DTOcdhJFsQg5bYejm6nffqRKs1jem3FCfYEHkkWMYGOlwD1GsALLqAKTIOspAZk0k/OHOgzcklf1ZoDLBOWkBHI0Aver149JKqg0hGOtu8hLjJ9hZRjhdFLspZommIzwgHYtlVhQ7WezBybwzCp9GMXKljRwpv6eyLDQeixC2ymwGepFbyr+53VTE137GZNJaqgk80VRyqGJ4TQN2GeKEsPHlmCimL0VkiFWmBibWdGGgBZfXiatiyryqujuslSr53EUwAk4BWWAwBWogVvQAE1AwAQ8g1fw5jw5L8678zFvXXHymSPwB87nDxk5lCs=</latexit>

Ncoll(b) = TAB(b) · �nn
inel

<latexit sha1_base64="FpXK3IqjyweKDQJBRxuCxWbOvTo=">AAACKHicbVDLSgMxFM3UV62vqks3wSLUTZkRQTdirRtXUqEv6NSSSdM2NMkMSUYow3yOG3/FjYgi3folpjOz0NYDgZNz7s3NPV7AqNK2PbNyK6tr6xv5zcLW9s7uXnH/oKX8UGLSxD7zZcdDijAqSFNTzUgnkARxj5G2N7md++0nIhX1RUNPA9LjaCTokGKkjdQvXt/3I1dyaF5icdk7hVewkSo3tfndxQNfQ1fREUePiS5EnBaYiSzuF0t2xU4Al4mTkRLIUO8X392Bj0NOhMYMKdV17ED3IiQ1xYzEBTdUJEB4gkaka6hAnKhelCwawxOjDODQl+YIDRP1d0eEuFJT7plKjvRYLXpz8T+vG+rhZS+iIgg1ETgdNAwZ1D6cpwYHVBKs2dQQhCU1f4V4jCTC2mRbMCE4iysvk9ZZxbErzsN5qVrL4siDI3AMysABF6AK7kAdNAEGz+AVfIBP68V6s76sWVqas7KeQ/AH1vcPghmlsQ==</latexit><latexit sha1_base64="FpXK3IqjyweKDQJBRxuCxWbOvTo=">AAACKHicbVDLSgMxFM3UV62vqks3wSLUTZkRQTdirRtXUqEv6NSSSdM2NMkMSUYow3yOG3/FjYgi3folpjOz0NYDgZNz7s3NPV7AqNK2PbNyK6tr6xv5zcLW9s7uXnH/oKX8UGLSxD7zZcdDijAqSFNTzUgnkARxj5G2N7md++0nIhX1RUNPA9LjaCTokGKkjdQvXt/3I1dyaF5icdk7hVewkSo3tfndxQNfQ1fREUePiS5EnBaYiSzuF0t2xU4Al4mTkRLIUO8X392Bj0NOhMYMKdV17ED3IiQ1xYzEBTdUJEB4gkaka6hAnKhelCwawxOjDODQl+YIDRP1d0eEuFJT7plKjvRYLXpz8T+vG+rhZS+iIgg1ETgdNAwZ1D6cpwYHVBKs2dQQhCU1f4V4jCTC2mRbMCE4iysvk9ZZxbErzsN5qVrL4siDI3AMysABF6AK7kAdNAEGz+AVfIBP68V6s76sWVqas7KeQ/AH1vcPghmlsQ==</latexit><latexit sha1_base64="FpXK3IqjyweKDQJBRxuCxWbOvTo=">AAACKHicbVDLSgMxFM3UV62vqks3wSLUTZkRQTdirRtXUqEv6NSSSdM2NMkMSUYow3yOG3/FjYgi3folpjOz0NYDgZNz7s3NPV7AqNK2PbNyK6tr6xv5zcLW9s7uXnH/oKX8UGLSxD7zZcdDijAqSFNTzUgnkARxj5G2N7md++0nIhX1RUNPA9LjaCTokGKkjdQvXt/3I1dyaF5icdk7hVewkSo3tfndxQNfQ1fREUePiS5EnBaYiSzuF0t2xU4Al4mTkRLIUO8X392Bj0NOhMYMKdV17ED3IiQ1xYzEBTdUJEB4gkaka6hAnKhelCwawxOjDODQl+YIDRP1d0eEuFJT7plKjvRYLXpz8T+vG+rhZS+iIgg1ETgdNAwZ1D6cpwYHVBKs2dQQhCU1f4V4jCTC2mRbMCE4iysvk9ZZxbErzsN5qVrL4siDI3AMysABF6AK7kAdNAEGz+AVfIBP68V6s76sWVqas7KeQ/AH1vcPghmlsQ==</latexit><latexit sha1_base64="FpXK3IqjyweKDQJBRxuCxWbOvTo=">AAACKHicbVDLSgMxFM3UV62vqks3wSLUTZkRQTdirRtXUqEv6NSSSdM2NMkMSUYow3yOG3/FjYgi3folpjOz0NYDgZNz7s3NPV7AqNK2PbNyK6tr6xv5zcLW9s7uXnH/oKX8UGLSxD7zZcdDijAqSFNTzUgnkARxj5G2N7md++0nIhX1RUNPA9LjaCTokGKkjdQvXt/3I1dyaF5icdk7hVewkSo3tfndxQNfQ1fREUePiS5EnBaYiSzuF0t2xU4Al4mTkRLIUO8X392Bj0NOhMYMKdV17ED3IiQ1xYzEBTdUJEB4gkaka6hAnKhelCwawxOjDODQl+YIDRP1d0eEuFJT7plKjvRYLXpz8T+vG+rhZS+iIgg1ETgdNAwZ1D6cpwYHVBKs2dQQhCU1f4V4jCTC2mRbMCE4iysvk9ZZxbErzsN5qVrL4siDI3AMysABF6AK7kAdNAEGz+AVfIBP68V6s76sWVqas7KeQ/AH1vcPghmlsQ==</latexit>

pint = TB(~s�~b) · �nn
inel/B

<latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit><latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit><latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="hZetwSA7GHGGCIhODVjzNt5D7b0="></latexit><latexit sha1_base64="hZetwSA7GHGGCIhODVjzNt5D7b0="></latexit><latexit sha1_base64="Fj4q82WnzwYAFYqFPM50dIoE0zQ="></latexit><latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit><latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit><latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit><latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit><latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit><latexit sha1_base64="G8VAJNSOvme7ADetLy8eQeHy22o="></latexit>

NA
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h
1� TB(~s�~b) · �nn

inel/B
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d2s
<latexit sha1_base64="/YfjO+pdyuhg/e34D+Dlcg8vHMU="></latexit><latexit sha1_base64="/YfjO+pdyuhg/e34D+Dlcg8vHMU="></latexit><latexit sha1_base64="/YfjO+pdyuhg/e34D+Dlcg8vHMU="></latexit><latexit sha1_base64="/YfjO+pdyuhg/e34D+Dlcg8vHMU="></latexit>

Npart(b) = NA
part(b) +NB

part(b)
<latexit sha1_base64="lyUFwdwDUp2lvWGfTgBFxwJTdSY=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkJJRNCNUKsLV6WCvUAbw2Q6aYdOLsxMhBLyQm58FRFcVMStr+E0jaCpBwZ+/u+cmTm/EzIqpGFMtcLS8srqWnG9tLG5tb2j7+61RRBxTFo4YAHvOkgQRn3SklQy0g05QZ7DSMcZX89455FwQQP/Xk5CYnlo6FOXYiSVZes3DTvucw+GiMuk4hzDS9h4SJ2rJEdOfkg9T2y9bFSNtOCiMDNRBlk1bf21Pwhw5BFfYoaE6JlGKK1Y3UcxI0mpHwkSIjxGQ9JT0kceEVacbpvAI+UMoBtwdXwJU/f3RIw8ISaeozo9JEciz2bmf6wXSffCiqkfRpL4eP6QGzEoAziLDg4oJ1iyiRIIc6r+CvEIcYSlCrikQjDzKy+K9mnVNKrm3Vm5Vs/iKIIDcAgqwATnoAZuQRO0AAZP4AVMwbv2rL1pH9rnvLWgZTP74E9pX9+XrqZ+</latexit><latexit sha1_base64="lyUFwdwDUp2lvWGfTgBFxwJTdSY=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkJJRNCNUKsLV6WCvUAbw2Q6aYdOLsxMhBLyQm58FRFcVMStr+E0jaCpBwZ+/u+cmTm/EzIqpGFMtcLS8srqWnG9tLG5tb2j7+61RRBxTFo4YAHvOkgQRn3SklQy0g05QZ7DSMcZX89455FwQQP/Xk5CYnlo6FOXYiSVZes3DTvucw+GiMuk4hzDS9h4SJ2rJEdOfkg9T2y9bFSNtOCiMDNRBlk1bf21Pwhw5BFfYoaE6JlGKK1Y3UcxI0mpHwkSIjxGQ9JT0kceEVacbpvAI+UMoBtwdXwJU/f3RIw8ISaeozo9JEciz2bmf6wXSffCiqkfRpL4eP6QGzEoAziLDg4oJ1iyiRIIc6r+CvEIcYSlCrikQjDzKy+K9mnVNKrm3Vm5Vs/iKIIDcAgqwATnoAZuQRO0AAZP4AVMwbv2rL1pH9rnvLWgZTP74E9pX9+XrqZ+</latexit><latexit sha1_base64="lyUFwdwDUp2lvWGfTgBFxwJTdSY=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkJJRNCNUKsLV6WCvUAbw2Q6aYdOLsxMhBLyQm58FRFcVMStr+E0jaCpBwZ+/u+cmTm/EzIqpGFMtcLS8srqWnG9tLG5tb2j7+61RRBxTFo4YAHvOkgQRn3SklQy0g05QZ7DSMcZX89455FwQQP/Xk5CYnlo6FOXYiSVZes3DTvucw+GiMuk4hzDS9h4SJ2rJEdOfkg9T2y9bFSNtOCiMDNRBlk1bf21Pwhw5BFfYoaE6JlGKK1Y3UcxI0mpHwkSIjxGQ9JT0kceEVacbpvAI+UMoBtwdXwJU/f3RIw8ISaeozo9JEciz2bmf6wXSffCiqkfRpL4eP6QGzEoAziLDg4oJ1iyiRIIc6r+CvEIcYSlCrikQjDzKy+K9mnVNKrm3Vm5Vs/iKIIDcAgqwATnoAZuQRO0AAZP4AVMwbv2rL1pH9rnvLWgZTP74E9pX9+XrqZ+</latexit><latexit sha1_base64="lyUFwdwDUp2lvWGfTgBFxwJTdSY=">AAACLXicbZDLSsNAFIYn9VbrLerSzWARKkJJRNCNUKsLV6WCvUAbw2Q6aYdOLsxMhBLyQm58FRFcVMStr+E0jaCpBwZ+/u+cmTm/EzIqpGFMtcLS8srqWnG9tLG5tb2j7+61RRBxTFo4YAHvOkgQRn3SklQy0g05QZ7DSMcZX89455FwQQP/Xk5CYnlo6FOXYiSVZes3DTvucw+GiMuk4hzDS9h4SJ2rJEdOfkg9T2y9bFSNtOCiMDNRBlk1bf21Pwhw5BFfYoaE6JlGKK1Y3UcxI0mpHwkSIjxGQ9JT0kceEVacbpvAI+UMoBtwdXwJU/f3RIw8ISaeozo9JEciz2bmf6wXSffCiqkfRpL4eP6QGzEoAziLDg4oJ1iyiRIIc6r+CvEIcYSlCrikQjDzKy+K9mnVNKrm3Vm5Vs/iKIIDcAgqwATnoAZuQRO0AAZP4AVMwbv2rL1pH9rnvLWgZTP74E9pX9+XrqZ+</latexit>



Glauber Monte Carlo


•  In MC approach nucleon density discrete rather than continuous

•  Sample nucleon positions according to nuclear density distribution

•  Nucleons interact if their distance d < √(σnn/π)

•  Fluctuations in overlap geometry will turn out to be important
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Centrality

•  Centrality is based on an observable, 

typically event multiplicity, with a monotonic 
dependence on Glauber quantities, e.g., Npart


•  Multiplicity then calculated from Glauber

–  Nucleon-nucleon multiplicity parameterized by 

a negative binomial distribution, verified in pp 

–  Total AA multiplicity assumed to scale w/ Npart   

à randomly sample the n.b.d. Npart times


•  The multiplicity distributions in data and 
Glauber then divided into centrality classes, 
i.e., percentiles of the total cross section


•  While centrality is detector dependent, 
corresponding Glauber values, e.g., <Npart>, 
are approximately experiment independent
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Centrality example:  ALICE
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•  VZERO are scintillators at forward η, collected charged proportional to multiplicity 
•  Centrality typically measured at forward η to be independent from mid-rapidity measurements 
•  Glauber-based fit provides an excellent description of the VZERO charge distribution 



Multiplicity
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Notice the flat (pseudo)rapidity dependence near mid-rapidity  
This longitudinal boost invariance emerges naturally in a 
commonly used space-time picture of heavy-ion collisions 

1.7k charged particles 
per unit η at mid-rapidity 

Multiplicity can also be used to constrain the energy density created in HICs 



The Bjorken picture


•  sdfljl

Consider nuclei as relativistic pancakes, 
which cross at the speed of light

§  Beam remnants continue at forward y

§  Mid-y dominated by produced particles
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Main assumptions of the model: 
•  Homogenous expansion of cylinder in z direction, i.e., 1D ideal hydrodynamics 
•  Particles materialize at formation time τ0 in their rest frame 

sinh y = �� = z/⌧
<latexit sha1_base64="iKcC6C3h/twXgblpkueDom+q5Ak=">AAACCHicbVC7SgNBFJ31GeMramnhYBCs4q4I2ghBG8sI5gHZEO5OJsmQmdll5q4QQ0obf8XGQhFbP8HOv3HyKDTxwIUz59zL3HuiRAqLvv/tLSwuLa+sZtay6xubW9u5nd2KjVPDeJnFMja1CCyXQvMyCpS8lhgOKpK8GvWuR371nhsrYn2H/YQ3FHS0aAsG6KRm7iC0Qndpn17SMOIINOyAUuCeDychQtrM5f2CPwadJ8GU5MkUpWbuK2zFLFVcI5NgbT3wE2wMwKBgkg+zYWp5AqwHHV53VIPitjEYHzKkR05p0XZsXGmkY/X3xACUtX0VuU4F2LWz3kj8z6un2L5oDIROUuSaTT5qp5JiTEep0JYwnKHsOwLMCLcrZV0wwNBll3UhBLMnz5PKaSHwC8HtWb54NY0jQ/bJITkmATknRXJDSqRMGHkkz+SVvHlP3ov37n1MWhe86cwe+QPv8wdhYZhI</latexit><latexit sha1_base64="iKcC6C3h/twXgblpkueDom+q5Ak=">AAACCHicbVC7SgNBFJ31GeMramnhYBCs4q4I2ghBG8sI5gHZEO5OJsmQmdll5q4QQ0obf8XGQhFbP8HOv3HyKDTxwIUz59zL3HuiRAqLvv/tLSwuLa+sZtay6xubW9u5nd2KjVPDeJnFMja1CCyXQvMyCpS8lhgOKpK8GvWuR371nhsrYn2H/YQ3FHS0aAsG6KRm7iC0Qndpn17SMOIINOyAUuCeDychQtrM5f2CPwadJ8GU5MkUpWbuK2zFLFVcI5NgbT3wE2wMwKBgkg+zYWp5AqwHHV53VIPitjEYHzKkR05p0XZsXGmkY/X3xACUtX0VuU4F2LWz3kj8z6un2L5oDIROUuSaTT5qp5JiTEep0JYwnKHsOwLMCLcrZV0wwNBll3UhBLMnz5PKaSHwC8HtWb54NY0jQ/bJITkmATknRXJDSqRMGHkkz+SVvHlP3ov37n1MWhe86cwe+QPv8wdhYZhI</latexit><latexit sha1_base64="iKcC6C3h/twXgblpkueDom+q5Ak=">AAACCHicbVC7SgNBFJ31GeMramnhYBCs4q4I2ghBG8sI5gHZEO5OJsmQmdll5q4QQ0obf8XGQhFbP8HOv3HyKDTxwIUz59zL3HuiRAqLvv/tLSwuLa+sZtay6xubW9u5nd2KjVPDeJnFMja1CCyXQvMyCpS8lhgOKpK8GvWuR371nhsrYn2H/YQ3FHS0aAsG6KRm7iC0Qndpn17SMOIINOyAUuCeDychQtrM5f2CPwadJ8GU5MkUpWbuK2zFLFVcI5NgbT3wE2wMwKBgkg+zYWp5AqwHHV53VIPitjEYHzKkR05p0XZsXGmkY/X3xACUtX0VuU4F2LWz3kj8z6un2L5oDIROUuSaTT5qp5JiTEep0JYwnKHsOwLMCLcrZV0wwNBll3UhBLMnz5PKaSHwC8HtWb54NY0jQ/bJITkmATknRXJDSqRMGHkkz+SVvHlP3ov37n1MWhe86cwe+QPv8wdhYZhI</latexit><latexit sha1_base64="iKcC6C3h/twXgblpkueDom+q5Ak=">AAACCHicbVC7SgNBFJ31GeMramnhYBCs4q4I2ghBG8sI5gHZEO5OJsmQmdll5q4QQ0obf8XGQhFbP8HOv3HyKDTxwIUz59zL3HuiRAqLvv/tLSwuLa+sZtay6xubW9u5nd2KjVPDeJnFMja1CCyXQvMyCpS8lhgOKpK8GvWuR371nhsrYn2H/YQ3FHS0aAsG6KRm7iC0Qndpn17SMOIINOyAUuCeDychQtrM5f2CPwadJ8GU5MkUpWbuK2zFLFVcI5NgbT3wE2wMwKBgkg+zYWp5AqwHHV53VIPitjEYHzKkR05p0XZsXGmkY/X3xACUtX0VuU4F2LWz3kj8z6un2L5oDIROUuSaTT5qp5JiTEep0JYwnKHsOwLMCLcrZV0wwNBll3UhBLMnz5PKaSHwC8HtWb54NY0jQ/bJITkmATknRXJDSqRMGHkkz+SVvHlP3ov37n1MWhe86cwe+QPv8wdhYZhI</latexit>

� = z/t
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Standard relation for rapidity 

Velocity in this system: 
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Radius given by nuclear size 



From multiplicity to ET
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mT
2 = m2 + pT

2  
About 0.65 GeV for pions at the LHC 

dET

dy
= J(y, ⌘)

dET

d⌘
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Mass isn’t known unless particles 
are identified à need a correction 

J(y,η) ≈10% 

dET

d⌘
⇡ hmT i

3

2

dNch

d⌘
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Although ET is measurable with calorimeters, heavy-ion 
experiments typically measure charged particle multiplicity 
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A = πR2 =  π(7 fm)2  for lead 

dET / dy|y=0 ~ 2 TeV in central 
collisions at the LHC  

Well in excess of ε = O(1) GeV/fm3   
for phase transition from lattice QCD 

à ε = 13 GeV/fm3 

✏ =
1

A · ⌧0
dET

dy

����
y=0
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Traditionally assumed that τ0  ~ 1 fm 
We’ll see later that short formation time is justified 



Statistical hadroproduction


•  Hadronization is non-perturbative

•  Various pheno. models for elementary collisions (cluster, string, etc.) 

•  For heavy ions instead appeal to thermodynamics

•  Postulate that QGP cools into an equilibrated gas of hadrons;     

Particle number conserved only over entire volume, not locally      
à grand canonical ensemble


•  Particle density given by derivative of the partition function


•  Each conserved quantum number gives a chemical potential μi, 
e.g., charge, baryon number, etc.


•  Temperature can be obtained by a fit to the abundance of states
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What determines the abundance of different hadron species? 



Statistical description of data
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Fit to the heavy-ion data gives a T of 156 MeV close to the predicted critical temp. 
Also work for e+e-, but with canonical ensemble (local, not global equilibrium) 
à Statistical production appears to be a generic feature of hadronization 
However, an extra chemical potential γs is needed in e+e- for strange particles 

For more details on statistical hadronization see the Nature article handout 

Fit result 



The strange quark
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•  Light quark (“dressed”) mass 
dynamically generated by QCD


•  Heavy quark mass directly from 
the Higgs mechanism


•  Strange quark is special:  both 
mechanisms contribute

–  Bare mass ~ 100 MeV

–  Kaon mass ~ 500 MeV


MeV 

•  Because Tc in excess of the strange quark mass, expect thermal production 
•  In elementary collisions strangeness is locally conserved       

à γs reflects this “canonical suppression” 
•  In an equilibrated QGP, expect conservation only over global volume (γs = 1) 



Strangeness enhancement
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Strangeness indeed enhanced by 2x in AA, compared to elementary collisions 
Larger enhancement factor for multi-strange hadrons (~7x for Ξ, ~15x for Ω) 
Supports picture of QGP as an equilibrated state over a large volume 

elementary 

heavy ion 



Heavy-ion experiments
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RHIC @ Brookhaven


•  The first HI collider, after many years of fixed target expt’s 
•  First collisions in 2000, continues to operate today 
•  STAR searching for the critical point with a beam energy scan 
•  PHENIX currently being upgraded to sPHENIX for ~ 2023 

√sNN <= 200 GeV 

3.8 km 
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The LHC @ CERN


Collides heavy ions for ~ 1 month per year (PbPb, pPb, ArAr so far) 
In operation, since 2010 
ALICE dedicated to HI program, but interesting things can also be done with 
HEP detectors (ATLAS, CMS, and recently LHCb) 

26.7 km 
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Ion beams


Max energy determined by bending power of magnets E / Z
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charge 
mass 

       LHC 
Early Run 1, max pp √s = 7 TeV à PbPb √sNN = 2.76 TeV (7*Z/A)  
Later Run 1, max pp √s = 8 TeV à pPb √sNN = 5.02 TeV (8*√(Z/A)) 
Run 2, max pp √s = 13 TeV à PbPb √sNN = 5.12 TeV (13*Z/A) 
                                            à pPb √sNN = 8.16 TeV (13*√*Z/A)) 
 

Using the Mandelstam variable s = (p1 + p2)2,                                
can derive the equivalent COM beam energy for heavy-ion beams 

4-vectors 

At RHIC, AuAu √sNN = 200 GeV à pp √s = 500 GeV (polarized!)   
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Z = 82 
A = 208 



HEP detectors


•  Fast & triggerable for huge luminosity 
•  Precision silicon tracking + high B field, e.g, for b-tagging 
•  Hermetic calorimeters for jets and missing ET 

•  Isolated photons and leptons for EW bosons, Higgs, top 

Ex:  ATLAS, CMS 
Also sPHENIX 
follows HEP model 
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Heavy-ion detectors


•  Tracking w/ gaseous detectors for high occupancy, e.g., TPCs (STAR, ALICE) 
•  Low pT reach is essential for “bulk” observables 
•  Emphasis on particle ID, e.g., TOF, dE/dx, RICH 
•  Low pT photons and leptons important, often forward η muon detectors 

independent from barrel system (ALICE, PHENIX) 
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Probes of the QGP
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Observable
 Property of the QGP

Strangeness enhancement
 Chemical equilibrium

Jet quenching
 Density

Quarkonia melting
 Temperature

Particle correlations
 Collectivity, Viscosity

Thermal photons
 Temperature

Hanbury Brown Twiss correlations
 Size


And many more… 



Summary of today’s lecture

•  Heavy-ion collisions used to explore QCD at high energy density

•  Matter crosses over to a deconfined state, the quark-gluon plasma

•  Collision centrality related to observables via a Glauber model

•  Energy density estimated from mid-rapidity multiplicity in Bjorken’s 

picture

•  Extended QGP alters chemical composition of produced matter, 

increasing strangeness

•  Currently colliding heavy ions at RHIC & LHC w/ various detectors
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Tomorrow

Select phenomena / observables for heavy ions:     
collective flow, jet quenching and quarkonia melting

 


